INTRODUCTION
Let S denote the class of functions of the form Ž . Ž . A sufficient condition for a function of the form 1 to be in S* ␣ is that Ž . and to be in K ␣ is that
Ž . For functions of the form 2 , these sufficient conditions are also necesw x sary. See 3 .
Ž . In this note, we will examine the ratio of a function of the form 1 to its Ž . have been found to be sharp only when n s 1. In this paper, we determine sharpness for all values of n. The lower bounds in question are strictly increasing functions of n.
In the sequel, we will make frequent use of the well-known result that
and only if w z s Ý c z ks1 k < Ž .< < < satisfies the inequality w z F z . Unless otherwise stated, we will as-Ž . sume that f is of the form 1 and that its sequence of partial sums is Ž .
Proof. We may write
a , which is equivalent to
ϱ ŽŽ It suffices to show that the LHS of 5 is bounded above by Ý k y ks 2
. Ž ..< < ␣ r 1 y␣ a , which is equivalent to
ŽŽ . Ž .Ž sharp for e¨ery n, with extremal function f z s z q 1 y ␣ r n q 1 n q .. nq 1 1 y ␣ z .
Proof. We write
and the proof is complete. w x Remark. Our results in Theorems 1 and 2 agree with those in 4 for the special case n s 1 and are an improvement when n ) 1.
Ž . Ž .
We next determine bounds for f z rf z .
Ž . Ž . Proof. We prove a . The proof of b is similar and will be omitted. We write
This last inequality is equivalent to
ϱ ŽŽ . Ž ..< < Since the LHS of 7 is bounded above by Ý k y ␣ r 1 y ␣ a , the ks 2 k proof is complete.
We next turn to ratios involving derivatives.
Ž .
ŽŽ . Ž In both cases, the extremal function is f z s z q 1 y ␣ r n q 1 y .. nq 1 ␣ z .
Proof. We prove only a , which is similar in spirit to the proof of Ž . Ž . Theorem 1. The proof of b follows the pattern of that in Theorem 3 a .
We write 
